Pipeline model of a Fermi-sea electron pump by Sols, Fernando & Wagner, Mathias
ar
X
iv
:c
on
d-
m
at
/0
00
63
29
v2
  [
co
nd
-m
at.
me
s-h
all
]  
18
 Ju
l 2
00
0
Pipeline model of a Fermi–sea electron pump
Fernando Sols
Dpto. de F´ısica Teo´rica de la Materia Condensada,
C-V and Instituto de Ciencia de Materiales “Nicola´s Cabrera”,
Universidad Auto´noma de Madrid, E-28049 Madrid, Spain
Mathias Wagner∗
Hitachi Cambridge Laboratory, Madingley Road, Cambridge CB3 0HE, United Kingdom
(Dated: November 11, 2018)
The use of a band offset between the two leads of an electron pump driven by a local oscillating
voltage is shown to increase the pump current dramatically. The structure of the electron transmis-
sion suggests the existence of dominant inelastic channels which we call pipelines. This permits the
formulation of a simple model that gives a physical account of the numerical results for a realistic
device. A spectral analysis reveals the pump current to be carried by scattering states with initial
energy deep within the Fermi sea and not at its surface, thereby rendering the effect insensitive to
temperature. We show this is compatible with the current flowing near the Fermi surface in the
leads.
PACS numbers: 73.40.Ei, 73.50.Pz, 72.40.+w, 05.60.Gg, 73.40.Gk
I. INTRODUCTION
An electron pump stimulates directed electron motion by locally acting on the electron system. This current
rectification is achieved by combining nonlinear ac driving with either absence of inversion symmetry in the device,
or lack of time-reversal symmetry in the ac signal. The range of possible electron pumps includes the Thouless pump
[1, 2] based on Archimedes’ water pump, driven quantum-dots [3], electron turnstiles [4], and the recently proposed
Fermi-sea pump [5], which makes essential use of a band offset between the two leads. An electron pump may be
viewed as a localized version of a ratchet [6, 7, 8] that has been stripped of its spatial periodicity, leaving nonlinearity
and asymmetry as the only ingredients responsible for rectified electron motion. Here the role of quantum dissipation
[9] is played by the lack of phase coherence between the incoming scattering channels in the left and right leads.
In Ref. [5], we studied an electron pump whose schematic band diagram is shown in panel A of Fig. 1. In this
model, a quantum well is driven harmonically by an external ac potential Vac cosωt provided, for instance, by some
external gates. Adjacent to the well is a static barrier, and the overall potential profile features a band offset ∆V
between the left and right leads. One should note that this band offset is not an external bias but rather is due to,
for instance, different materials used. The chemical potentials in the contacts to the left and right are taken to be
the same. Any dc current flowing is thus due to the effect of the driving ac force alone. It was noted by us [5] that
the spatial asymmetry of the model, in particular the band offset ∆V , is vital for a large pump current to exist —
boosting it by as much as three orders of magnitude. Crucially, we found the pump current to be carried by electrons
with their initial energy narrowly distributed over a fixed interval approximately h¯ω wide which, for sufficiently high
Fermi energies, may stay well below the Fermi surface, thereby rendering the total current insensitive to temperature.
The physical explanation for this peculiar behavior lies in the structure of pipelines displayed by the total transmission
probability of the device [5]. Pipelines are pairs of left and right scattering channels, of dissimilar energies E1 6= E2,
that are strongly coupled. Thus, an electron coming, say, from the left with energy E2 has a relatively high probability
of being transmitted to the right with energy E1 < E2 (see Fig. 1). In the most important cases, E2 = E1 + h¯ω.
Due to time-reversal symmetry, Vac(z, t) = Vac(z,−t), these pipelines obey microreversibility: The probability for an
electron to go from E2 to E1 can be proved to be the same as for the reverse process, i.e., T→(E1, E2) ≡ T←(E2, E1).
We further showed that a good deal of the device physics can be explained in terms of the pipeline structure.
In particular, one may assume the existence of a single pipeline and reproduce analytically many of the transport
features obtained from a sophisticated numerical calculation. The purpose of this paper is to explore this pipeline
model in further detail by performing an analytical study that leads to a deeper understanding of the physics involved.
In particular, we analyze the different ways in which the total pump current can be decomposed spectrally. As in
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FIG. 1: A: Schematic potential profile for a Fermi-sea pump. The chemical potential µ is the same in both contacts. B:
Pump currents in 1, 2, and 3 spatial dimensions as a function of the chemical potential µ for fixed driving as determined by a
single–pipeline model.
Ref. [5], we will discuss the properties of the model shown in Fig. 1 in 1, 2 and 3 spatial dimensions, assuming
separability of the Hamiltonian H(t) = −(h¯2/2m)∆ + V0(z) + Vac(z, t).
To evaluate the electronic current, we need to determine the scattering states in the presence of the driving field.
Broadly, these states fall into two classes: Scattering states with longitudinal kinetic energy Ez in the incident channel
much larger than the photon energy h¯ω of the driving field are far away from the conduction band edge, and hence
will be insensitive to fine details such as band offset or the presence of a shallow quantum well. Consequently, these
states will not contribute to a net pump current, which is in agreement with a recent analysis of pumps in this regime
[10]. This is the more commonly studied regime. However, scattering states with small longitudinal kinetic energies
of the order of h¯ω are very sensitive to changes in the band profile and, in particular, have a high probability of the
electron getting trapped in the quantum well. The underlying mechanism is that an electron incident, say, from the
left with an energy E2 less than h¯ω may, upon reflection at the barrier, emit a photon and thus lose sufficient energy
to get caught in the quantum well. Unless it subsequently manages to absorb another photon, the only chance to
escape from the quantum well is by tunneling to the right at energy E1 = E2− h¯ω. This is the mechanism underlying
the structure of asymmetric pipelines depicted in panel A of Fig. 1.
In Sect. II we present the pipeline model and derive some of its analytical properties, deferring the spectral properties
of the current within this model to Sect. III. In Sect. IV we discuss numerical results for a realistic device and compare
them with the analytical predictions of Sects. II and III. Section V contains a summary and some conclusions.
II. THE PIPELINE MODEL
Consider a single pipeline of strength Tp connecting the energies E1 on the right and E2 to the left. Assuming
incident electrons approaching the device outside these two channels to be reflected with unit probability, we write
for the scattering probabilities
TLR(Ez , E
′
z) = Tpδ(Ez − E2)δ(E′z − E1) (1)
TRL(Ez , E
′
z) = Tpδ(Ez − E1)δ(E′z − E2) (2)
RLL(Ez , E
′
z) = δ(Ez − E′z)− Tpδ(Ez − E2)δ(E′z − E2) (3)
RRR(Ez , E
′
z) = δ(Ez − E′z)− Tpδ(Ez − E1)δ(E′z − E1). (4)
The model (1)-(4) satisfies all the required symmetry properties, including unitarity. If, for a given energy Ez , we
define Tnet ≡ T→ − T← where
T→(Ez) =
∫
dE′zTLR(Ez , E
′
z) , T←(Ez) =
∫
dE′zTRL(Ez , E
′
z), (5)
then we have [5]
Tnet(Ez) = Tp [δ(Ez − E2)− δ(Ez − E1)] . (6)
A special property of our pump is that the ac driving is localized in space. Consequently, the distribution of incident
electrons is not affected by the driving and can be taken to be in thermal equilibrium with the contact reservoirs.
Furthermore, if we assume the temperature of the two contacts to be the same, and that no dc bias is applied, the
distribution of incident electrons will be the same on both sides and given by a Fermi function f(E − µ), where µ is
3the chemical potential in the contacts. With this the total current can simply be written as [5]
I =
∫
∞
∆V
dEf(E − µ)J(E) (7)
J(E) =
2e
h
∫ E
∆V
dEzD⊥(E − Ez)Tnet(Ez). (8)
where D⊥ is the density of states in the dimensions perpendicular to the direction of transport. In the single-pipeline
model, Eqs. (6)–(8) yield
I =
2e
h
Tp
∫ ∞
0
dE⊥D⊥(E⊥)[f(E⊥ + E2 − µ)− f(E⊥ + E1 − µ)]. (9)
For one spatial dimension, Eq. (9) translates into
I1D =
2e
h
Tp [f(E2 − µ)− f(E1 − µ)] , (10)
which has a peak at µ = (E1 +E2)/2, and an exponential decay for µ ≫ kT as shown in panel B of Fig. 1. In 2D we
find
I2D ≈ 2e
h2
Tp
√
2pimβ
[
Li
−
1
2
(−eβµ)(E2 − E1)− β
2
Li
−
3
2
(−eβµ)(E22 − E21)
]
, (11)
where Li is the polylogarithm function [11]. Expanding for µ ≫ kT we find that in 2D the pump current decays only
algebraically as 1/
√
µ. Finally, in 3D we obtain
I3D ≈ 4pime
h3
Tp
[
f(−µ)(E1 − E2) + f
′(−µ)
2
(E21 − E22 )
]
. (12)
For µ ≫ kT one has f(−µ) ≈ 1 and f ′(−µ) ≈ 0, i.e., the current in 3D becomes independent of µ in this limit, I3D
= −(4pime/h3)Tp(E2 − E1), as seen in panel B of Fig. 1. Thus we find the non-trivial result that the pump current
does not necessarily decay with increasing chemical potential as one naively might expect.
III. SPECTRAL ANALYSIS
It is interesting to analyze the spectral function (8) that leads from Eq. (7) to Eq. (9). Within the single–pipeline
model, one obtains
J(E) =
2e
h
Tp[D⊥(E − E2)θ(E − E2)−D⊥(E − E1)θ(E − E1)]. (13)
Eq. (13) describes a function that is mainly localized in the pipeline region. In the particular case of three dimensions
we have D⊥(E⊥) = 2pim/h
2 ≡ D0 and Eq. (13) yields a square function localized between E2 and E1. Combining
this result with Eq. (7), which tells us that the total electric current I is obtained by convoluting the spectral current
density J(E) with a thermal population of incoming electrons, we thus find that for µ ≫ E2 the pump current is
sustained by scattering states with incident energy well below the Fermi surface. An immediate consequence is that
in this regime the total pump current is insensitive to temperature, even for kT ∼ h¯ω. This remarkable result was
noted in Ref. [5] and will be explored further in the following within the framework of the analytical single–pipeline
model.
First we note that it is possible to perform sensible spectral decompositions of the current different from (7)-(8).
In Eq. (7), the integration variable E refers to the initial electron energy. We may adopt an alternative viewpoint
and write the current as an energy integral in which the variable E denotes not the initial but the actual energy of
the electrons flowing through a given region, say, in the left lead.
From the single–pipeline model (1)-(4) we may write the pump current as
I =
2e
h
∫
dE⊥
∫
dEz
∫
dE′zD⊥(E⊥)f(E⊥ + Ez − µ)
× [δ(Ez − E′z)−RLL(Ez , E′z)− TRL(Ez , E′z)] (14)
=
2e
h
∫
dE⊥
∫
dEz
∫
dE′zD⊥(E⊥)f(E⊥ + Ez − µ)
×Tp [δ(Ez − E2)− δ(Ez − E1)] δ(E′z − E2). (15)
4We wish to analyze the total current in terms of the final energy E = E⊥ + E
′
z regardless of the initial longitudinal
energy Ez [the term δ(Ez − E′z) in Eq. (14) describing the contribution from the stream of incoming electrons is
explicitly cancelled by an identical term in Eq. (3)]. With this goal in mind, we rewrite Eq. (15) as
I =
2e
h
Tp
∫ ∞
0
dE
∫ E
0
dEzD⊥(E − Ez)
× [f(E − Ez + E2 − µ)− f(E − Ez + E1 − µ)] δ(Ez − E2) (16)
to obtain I =
∫∞
0
JL(E) dE, where
JL(E) =
2e
h
Tpθ(E − E2)D⊥(E − E2) [f(E − µ)− f(E − h¯ω − µ)] . (17)
In the 3D case, for which D⊥(E − E2) = D0, it is clear that for µ ≫ E2 the current spectrum in the left lead is
essentially localized between µ and µ+ h¯ω, where we have taken E2 −E1 = h¯ω. A similar analysis for the current in
the right lead yields I =
∫
∞
∆V
JR(E) dE with
JR(E) =
2e
h
Tpθ(E − E1)D⊥(E − E1) [f(E + h¯ω − µ)− f(E − µ)] , (18)
which tells us that, except for thermal smearing, the net current is carried by electrons with energies between µ− h¯ω
and µ. We conclude that there is an average increase of h¯ω in the energy of the electrons responsible for the current.
This is expected, since h¯ω is precisely the energy gained by electrons being transmitted from right to left. Thus we
encounter the interesting result that, while the current is due to a lack of cancellation between scattering states with
initial energies well below the Fermi level, the net current in the leads is carried by electrons near the Fermi surface.
The energies of the independent electrons are modified in such a way that the current may have very different spectral
properties depending on the way in which it is analyzed. The numerical results discussed in the next section [see
Fig. 4] confirm these analytical predictions.
This result is exact but, perhaps, somewhat counterintuitive initially. One way of reconciling the two pictures is to
try to understand them separately and to notice that they are, in fact, compatible.
(i) If we view the net current as resulting from a lack of cancellation between scattering states whose incident
channel has total energy E, it is easy to interpret Eqs. (7) and (13): If E < E1 no state can benefit from the pipeline,
and hence there is no contribution to the current at these energies. For E1 < E < E2 only states coming from the
right can take advantage of the pipeline and carry any current — therefore, clearly, J(E) 6= 0 here. On the other
hand, if E > E1, E2, there will be channels incident from both sides, whose energy in z-direction, Ez , matches the
pipeline. Since the current from each side depends on the available density of states in the transverse direction,
D⊥(E−Ez), and secondly, as one must fulfill the matching conditions Ez = E2 on the left and Ez = E1 on the right,
Eq. (13) is readily understood. In this picture we thus have to conclude that J(E) is localized in the pipeline region
and furthermore, as gathered from Eq. (7), that J(E) is independent of the (common) distribution function in the
contacts.
(ii) In the alternative picture put forward in the present work we focus on, say, the current density JL(E) on the left-
hand side of the pump. Now E refers to the local electron energy on that side, regardless of where the electron came
from originally. It is clear that in this case the current results from a lack of cancellation between left-going electrons
transmitted from the right-hand side via the pipeline, and therefore weighted with probability f(E + E1 − E2 − µ),
and right-going transmitted electrons distributed according to f(E − µ). For a given energy E > E2 the electrons
contributing will be those that fulfill the pipeline-matching condition on the left-hand side, Ez = E2, and their number
will be proportional to the transverse density of states, D⊥(E −E2). Hence the structure of Eq. (17), which yields a
spectral function that is localized within E2 − E1 = h¯ω of the Fermi surface. Note that, in contrast to the first case,
this definition of a spectral current density does explicitly depend on the distribution function.
Yet, there is no contradiction between pictures (i) and (ii). A net current results from a lack of cancellation between
current-carrying states, but the natural way to identify these states depends on the way we group them into cancelling
pairs. This can be done in more than one sensible way, especially if the energy of the electron is not conserved. In (i)
we compare retarded scattering states with initial energy E, whereas in (ii) we compare scattering channels of energy
E on a given side of the pump. Both pictures are equally valid but, depending on the aspect one wishes to explain,
one may favor one over the other.
An interesting feature is that, while the total current is essentially independent of temperature for µ−E2 ≫ kT , the
local spectral distributions JL and JR are indeed sensitive to temperature. This suggests the existence of an effective
sum rule that eliminates the temperature dependence of Eqs. (17) and (18) when integrated over energy. It is easy to
check this result explicitly in the 3D case, if one focuses on the limit ω ≪ kT . Then Eq. (18) can be approximated as
JR(E) ≈ (eTpD0/pi)ωf ′(E + h¯ω/2− µ), (19)
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FIG. 2: Net pump current for 1, 2, and 3D at T = 4.2 K as a function of the driving amplitude Vac and chemical potential µ.
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FIG. 3: Spectral current density J(E) [see Eq. (7)] as function of the total energy of the incident electron, for 1, 2, and 3D.
Curves are displaced for clarity. Parameters as in Fig. 2.
which yields a result manifestly independent of temperature when integrated over energy.
We end this section by noting two properties of the single–pipeline model. First, the left and right spectral functions
can be shown to be exactly shifted by h¯ω,
JL(E + h¯ω) = JR(E), (20)
which is a straightforward consequence of (17) and (18). Second, there is a reflection symmetry around the chemical
potential: If all energies are with reference to µ,
JL(E) = JR(−E), (21)
as long as |E| < |E2|. This result is independent of the particular values of E1 and E2, and hence we expect it to
survive in realistic situations with a continuous distribution of pipelines and higher-order energy transfers of E2 −E1
= 2h¯ω, 3h¯ω, . . . . This expectation is confirmed by the numerical results presented below (see Fig. 4).
IV. NUMERICAL RESULTS
A full numerical analysis based on transfer matrices [12] fully confirms the results of the pipeline model: Figure 2
shows the results for the pump current as a function of driving strength Vac and chemical potential µ at an elevated
temperature of 4.2K and a photon energy of h¯ω = 0.1meV. The analytical results of the pipeline model of Fig. 1,
panel B, are clearly identified in Fig. 2 when looking at cuts of constant driving amplitude Vac. This supports the
initial observation [see Eq. (12)] that the pump current in 3D is largely independent of temperature, as long as µ−E2
≫ kT .
As discussed in Sect. III, the reason for this resilience against temperature can be most easily understood when
considering the spectral current density. Let us first use the definition (8) for J(E) based on incident channels.
Figure 3 shows J(E) in 1, 2, and 3D as a function of the total energy of the incident electron for Vac = 0.72meV.
As expected from the analytic discussion, in all cases do we find the largest contribution to the current stemming
from states with small total kinetic energy close to the conduction band edge, although the details depend on the
dimensionality of the pump. Consequently, for µ−E2 ≫ h¯ω the bulk of the pump current is carried by states far below
the Fermi surface and is insensitive to changes in temperature, which afflict the shape of the distribution function at
the Fermi surface only.
The numerical results shown in Fig. 3 for a realistic device are explained qualitatively by Eq. (13), further underlining
the adequacy of the pipeline model used in [5]. In three-dimensions Eq. (13) yields a square function localized between
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FIG. 4: Asymptotic spectral current densities (in nA/(µm2 meV)) in the left and right contacts of a 3D pump with µ = 0.5meV,
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E2 and E1. The rounded peak shown in Fig. 3 for the three-dimensional case indicates that, in practice, one rather
has a continuous distribution of pipelines.
As pointed out before, another useful definition of a spectral current density is based on the calculation of the net
current in the leads. In this case we simply take the difference of the currents carried by the incident and outgoing
channels on the same side. This is most conveniently done by adding all channels incoherently. We find that for
temperatures low compared to the photon energy the current density is centred around the Fermi energy. Figure 4
shows the case of a 3D pump operated at the relatively low temperature of 0.1K. The chemical potential was taken
to be 0.5meV, which is somewhat larger than the photon energy of 0.1meV. On the right-hand side, the biggest
contribution to the pump current stems from states about h¯ω/2 below the Fermi energy. These are then pumped
across the barrier and end up at energies roughly h¯ω/2 above the Fermi energy on the left — indicating that the single
most important process in the pump involves a single photon, net. Very similar results are found for pumps of 1 and
2 spatial dimensions. This agrees well with the analytical expectations from Eqs. (17) and (18). Fig. 4 also indicates
that, for larger driving amplitudes, energy transfers of more than one photon quantum also contribute, although with
a smaller weight. Finally, we note that the symmetry (21) around µ is very well satisfied in a realistic device, as
expected from the analytic discussion.
V. CONCLUSIONS
We have presented a simple analytical model of electron transport through an asymmetric device driven by a local
ac signal. The pipeline structure found in the electron transmission has its origin in the existence of a band offset
between the two sides of the device. The analytic study yields an accurate understanding of the physics involved
and shows good agreement with numerical results for a realistic case. A spectral analysis of the current reveals that
the current is carried by electrons whose initial energy may be deep within the Fermi sea, making the pump effect
resilient against temperature. On the other hand, the local spectral current density in the leads is localized near the
Fermi surface.
We appreciate helpful discussions with S. Kohler. This work has been supported by the EU via TMR contract
FMRX-CT98-0180, and by DGICyT (PB96-0080-C02).
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